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Abstract
We continue the study of applications of k-covers to some topological constructions, mostly to function spaces and hyperspaces.
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0. Introduction
In a series of papers it was demonstrated that k-covers play a key role in function spaces with the compact-open
topology [21,27,28,31] and in hyperspaces with the Fell and upper Fell topologies [10,23,24,7,17,12]. We continue to
investigate applications of k-covers in these two areas.
Hyperspace topologies
Given a Hausdorff space X we denote by 2X the family of all closed subsets of X. If A is a subset of X and A
a family of subsets of X, then
Ac = X \A and Ac = {Ac: A ∈A},
A− = {F ∈ 2X: F ∩A = ∅},
A+ = {F ∈ 2X: F ⊂ A}.
Let Δ be a subset of 2X closed for finite unions and containing all singletons. Three important cases are:
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(2) Δ is the family K(X) of all non-empty compact subsets of X;
(3) Δ is the family F(X) of all non-empty finite subsets of X.
For a Δ⊂ 2X , the upper Δ-topology, denoted by Δ+, is the topology whose base is the collection{(
Dc
)+
: D ∈Δ}∪ {2X}.
When Δ = CL(X) we have the well-known upper Vietoris topology V+, when Δ = K(X) we have the upper Fell
topology (known also as the co-compact topology) F+, and when Δ= F(X) we have the Z+-topology.
The lower Vietoris topology V− has as a subbase all the sets U−, U ⊂ X open.
The Δ-topology τΔ is defined by τΔ = Δ+ ∨ V− (see [32,8,11]). Recall that τΔ-basic sets are of the form
(
Dc
)+ ∩
( ⋂
im
V −i
)
, D ∈ Δ, V1, . . . , Vm open in X.
The most investigated among all hyperspace topologies is the Vietoris topology V = V+ ∨ V−. The Fell topology
F = F+ ∨ V− was also intensively studied in the last decades.
Function space topologies
For a Tychonoff space X, C(X) is the set of all continuous real-valued functions on X. Cp(X) denotes the space
C(X) with the pointwise topology. Basic open neighborhoods at f ∈ Cp(X) are of the form
W(f ;F ; ε) := {g ∈ Cp(X): |g(x)− f (x)| < ε, ∀x ∈ F}, F ∈ F(X), ε > 0.
When C(X) is equipped with the compact-open topology we write Ck(X). Recall that basic neighborhoods at f ∈
Ck(X) are of the form
W(f ;K; ε) := {g ∈ Ck(X): |g(x)− f (x)| < ε, ∀x ∈ K}, K ∈ K(X), ε > 0.
The symbol 0 denotes the constantly zero function in C(X). Because these space are homogeneous we can work with
0 to study local properties of Cp(X) and Ck(X).
Selection principles and classes of open covers
Two classical selection principles (for more information see [22,36]) are defined in the following way.
Let A and B be sets whose elements are collections of subsets of an infinite set X. Then (see [35,20]):
S1(A,B) denotes the selection principle:
For each sequence (An: n ∈ N) of elements of A there is a sequence (bn: n ∈ N) such that for each n, bn ∈ An,
and {bn: n ∈ N} is an element of B.
Sfin(A,B) denotes the selection hypothesis:
For each sequence (An: n ∈ N) of elements ofA there is a sequence (Bn: n ∈ N) of finite sets such that for each n,
Bn ⊂ An, and ⋃n∈NBn is an element of B.
The collections A and B that we consider will be mainly families of open covers of a topological space. Thus we
give the necessary definitions.
An open cover of a space is large if each element of the space belongs to infinitely many elements of the cover.
An open cover U of a space X is called:
• an ω-cover (a k-cover) if each finite (compact) subset C of X is contained in an element of U and X /∈ U (i.e. U
is a non-trivial cover);
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is finite.
Because of these definitions all spaces are assumed to be Hausdorff non-compact, unless otherwise stated.
Let us mention that any ω-cover (k-cover) is infinite and large, and that any infinite subfamily of a γ -cover (γk-
cover) is also a γ -cover (γk-cover).
A countable open cover U of a space X is:
• ω-groupable [25,26] (k-groupable [9]) if it can be expressed as a countable union of finite, pairwise disjoint
subfamilies Un, n ∈ N, such that for each finite (compact) set C ⊂ X, for all but finitely many n there is a U ∈ Un
such that C ⊂ U ;
• weakly groupable [2] (k-weakly groupable [9]) if there is a partition of U into countably many finite, pairwise
disjoint sets Un, n ∈ N, such that each finite (compact) subset of X is contained in ⋃Un for some n.
Evidently, each countable γ -cover (γk-cover) is ω-groupable (k-groupable), and each countable ω-cover (k-cover) is
weakly groupable (k-weakly groupable).
For a topological space X and a point x ∈X we denote:
• O – the family of open covers of X;
• Λ – the family of large covers of X;
• Ω – the family of ω-covers of X;
• K – the family of k-covers of X;
• Γ – the family of γ -covers of X;
• Γk – the family of γk-covers of X;
• Ωgp – the family of ω-groupable covers of X;
• Kgp – the family of k-groupable covers of X;
• Owgp – the family of weakly groupable covers of X;
• Λwgp – the family of weakly groupable large covers of X;
• Ok-wgp – the family of k-weakly groupable covers of X;
• Λk-wgp – the family of k-weakly groupable large covers of X;
• Ωx = {A ⊂ X: x ∈ A \A};
• Σx – the family of non-trivial sequences in X converging to x;
• D – the family of dense subsets of X.
A countable set A ∈Ωx is groupable [26] if there is a partition (Bn: n ∈ N) of A into (pairwise disjoint) finite sets
such that each neighborhood of x has non-empty intersection with all but finitely many Bn. We denote
• Ωgpx – the family of groupable elements of Ωx
Let us mention that sometimes we use the symbol Ωτx to denote Ωx with respect to a topology τ on the space.
Similarly for Ωgpx and Σx .
Recall that spaces whose each ω-cover contains a countable ω-subcover (or equivalently, whose each finite power
is Lindelöf) are called ω-Lindelöf [22] or ε-spaces [16], and spaces whose each k-cover contains a countable subset
that is a k-cover are called k-Lindelöf [7] or τ -compact [28]. It is known that a Tychonoff space X is ω-Lindelöf
(k-Lindelöf) if and only if Cp(X) (Ck(X)) has countable tightness [1] ([28,31]). (A space X has countable tightness
if for each x ∈X and each A ∈Ωx there is a countable B ⊂ A such that B ∈ Ωx .)
We have
Γ ⊂ Ω ⊂ Λ ⊂O,
Γk ⊂K⊂ Ω,
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Clearly, a quite similar diagram can be done for the Sfin selection principle. But observe: S1(Ω,Γ )= Sfin(Ω,Γ ) [20]
(S1(Ω,Γ )-spaces are called γ -sets [16,15]), S1(K,Γ ) = Sfin(K,Γ ) [9], S1(K,Γk) = Sfin(K,Γk) [24], S1(Γk,Γ ) =
Sfin(Γk,Γ ), S1(Γk,Γk) = Sfin(Γk,Γk) [12].
Let us also mention that Sfin(K,K) ⊂ Sfin(O,O) = Sfin(K,O) = Sfin(Ω,O).
Some classes from this diagram (and related classes of the Sfin-type) have been already investigated. For example,
the classes S1(K,K) and Sfin(K,K) in [9,10], S1(K,Γ ) ≡ Sfin(K,Γ ) in [9,24,6], S1(K,Γk) ≡ Sfin(K,Γk) in [28,
27,24,6], S1(K,Kgp), Sfin(K,Kgp), S1(K,Ωgp), Sfin(K,Ωgp) in [23,10,21], Sfin(K,Ok-wgp) in [9,10]. Here we give
some additional information about these already studied classes and some results regarding some of the remaining
classes from the diagram.
For example, we characterize S1(K,Γ ) in terms of function spaces as well as classes S1(Γk,K), S1(Γk,Γk),
S1(Γk,Γ ) in terms of hyperspaces.
1. Technical lemmas
The following lemmas will be often used throughout the paper, sometimes without explicit reference.
Lemma 1. Let Y be an open subset of a space X and U an open cover of Y . Then the following holds:
(1) (a) U is a k-cover of Y ⇔ (b) Y c ∈ ClF(Uc) ⇔ (c) Y c ∈ ClF+(Uc);
(2) (a) U is an ω-cover of Y ⇔ (b) Y c ∈ ClZ(Uc) ⇔ (c) Y c ∈ ClZ+(Uc).
Proof. We prove only (1). (a) ⇒ (b): Let W = (Kc)+∩ (⋂im V −i ) be an F-neighborhood of Y c . Since U is a k-cover
of Y and K ⊂ Y , there is a U ∈ U with K ⊂ U . From Y c ∩ Vi = ∅ for all i m, and Uc ⊃ Y c it follows easily that
Uc ∈ W .
(b) ⇒ (c): Trivial.
(c) ⇒ (a): Let K be a compact subset of Y . Then (Kc)+ is an F+-neighborhood of Y c and by assumption (Kc)+ ∩
Uc = ∅. So, there is a U ∈ U such that K ⊂ U . 
Lemma 2. Let X be a topological space, Y an open subset of X and U = {Un: n ∈ N} an open cover of Y . Then:
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to Y c in (2X,F+);
(2) (a) U is a γ -cover of Y ⇔ (b) the sequence (Ucn : n ∈ N) converges to Y c in (2X,Z) (c) (Ucn : n ∈ N) converges to
Y c in (2X,Z+).
Proof. Let us prove (1). (a) ⇒ (b): Let W = (Kc)+ ∩ (⋂im V −i ) be a basic F-neighborhood of Y c . Since U is a
γk-cover of Y and K is a compact subset of Y , there is n0 ∈ N such that K ⊂ Un for each n n0. On the other hand,
from Y c ∈ V −i for each i m and Ucn ⊃ Y c for each n ∈ N, it follows that for each n n0 we have Ucn ∈W .
(b) ⇒ (c): It is evident.
(c) ⇒ (a): Let K be a compact subset of X. As the sequence (Ucn : n ∈ N) F+-converges to Y c , there is n0 ∈ N such
that for each n n0, Ucn ∈ (Kc)+ and consequently, for each n n0 we have K ⊂ Un. 
Lemma 3. Given a space X and an open cover U of X the following holds:
(1) U is a k-cover of X ⇔ Uc is a dense subset of (2X,F+);
(2) U is an ω-cover of X ⇔ Uc is a dense subset of (2X,Z+).
Proof. Again we prove only (1). (⇒): Let (Kc)+ be an F+-basic set. Since K is a compact subset of X, there exists
U ∈ U such that K ⊂ U . Therefore Uc ∈ (Kc)+ ∩ Uc.
(⇐): Let K be a compact subset of X. Since (Kc)+ is an open set in (2X,F+), we have that (Kc)+ ∩ Uc = ∅. Let
Uc be a member of this intersection. Then K ⊂ U . 
Lemma 4. For a space X, a collection A⊂ 2X , a sequence S in 2X , and E ∈ 2X the following hold:
(1) (a) A ∈ΩF+E ⇔ (b) {A∪E: A ∈A} ∈ΩF
+
E ⇔ (c) {(A∪E)c: A ∈A} is a k-cover of Ec;
(2) (a) S ∈ ΣF+E ⇔ (b) {A∪E: A ∈ S} ∈ΣF
+
E ⇔ (c) {(A∪E)c: A ∈ S} is a γk-cover of Ec.
Proof. We prove (2). (a) ⇒ (b): Let S = {An: n ∈ N} F+-converges to E and let (Kc)+ be an F+-neighborhood of E.
There is n0 such that An ∈ (Kc)+ for all n > n0, and thus for all n > n0 we have An ∪E ⊂ Kc . This just means that
the sequence (An ∪E: n ∈ N) F+-converges to E.
(b) ⇒ (c): Let K be a compact subset of Ec. Then (Kc)+ is an F+-neighborhood of E, so that all but finitely many
sets An ∪E belong to (Kc)+, i.e. K ⊂ (An ∪E)c for all but finitely many n.
(c) ⇒ (a): Let (Kc)+ be an F+-neighborhood of E. By (c) K is contained in all but finitely many sets (An ∪ E)c
which means that for all but finitely many n we have An ∪E ⊂ Kc , hence An ⊂ Kc . So, (a) holds. 
Similar assertions hold for the Z+-topology (and ω-covers).
2. Around S1(K,K) and Sfin(K,K)
A space X is hemicompact if there is a countable collection {Kn: n ∈ N} of compact subsets of X such that every
compact subset of X is contained in some Kn [13]. It is easy to see that every hemicompact space is in the class
S1(K,K) and thus in Sfin(K,K). We show that in the class of first countable spaces the converse is also true.
Proposition 5. For a first countable space X the following are equivalent:
(1) X is hemicompact;
(2) X satisfies S1(K,K);
(3) X satisfies Sfin(K,K).
Proof. Since (1) ⇒ (2) and (2) ⇒ (3) are obvious, we prove only (3) ⇒ (1). Let X satisfies Sfin(K,K). We first show
that X is locally compact. Suppose not. Let x be a point in X having no a compact neighborhood and let (Un)n∈N be
a countable local base at x. For each n ∈ N and any compact set K ⊂ X we have Un \ (K ∪ {x}) = ∅; pick a point
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Put Un = {On(K): K ∈ K(X)}, n ∈ N. We have a sequence (Un: n ∈ N) of k-covers of X. Apply to this sequence the
fact that X is an Sfin(K,K)-set and find a sequence (Kn ⊂ K(X): n ∈ N) such that for each n ∈ N Kn is finite and
{On(K): K ∈Kn, n ∈ N} ∈K. Evidently, the compact set {xn(K): K ∈Kn, n ∈ N} ∪ {x} is not contained in On(K)
for each n ∈ N and each K ∈ Kn, and we have a contradiction. So, X is locally compact. On the other hand, X is
k-Lindelöf and thus Lindelöf. It is known [13] that in the class of locally compact spaces Lindelöfness is equivalent
to hemicompactness. 
In [21] it was shown that a Tychonoff space X belongs to the class S1(K,K) if and only if Ck(X) has countable
strong fan tightness (i.e. for each f ∈ Ck(X), S1(Ωf ,Ωf ) holds [34]). According to [27] X belongs to Sfin(K,K) if
and only if Ck(X) has countable fan tightness (i.e. for each f ∈ Ck(X), Sfin(Ωf ,Ωf ) holds [1]). On the other hand,
for a Tychonoff space X first countability of Ck(X) is equivalent to hemicompactness of X (see, for example, [31]).
So, we have:
Theorem 6. For a first countable Tychonoff space X the following are equivalent:
(1) Ck(X) is first countable;
(2) Ck(X) has countable strong fan tightness;
(3) Ck(X) has countable fan tightness;
(4) X is a locally compact Lindelöf space;
(5) X satisfies S1(K,K);
(6) X satisfies Sfin(K,K).
Theorem 7. If a space X satisfies the selection principle S1(K,K), then the space (K(X),F+) satisfies S1(O,O).
Proof. Let (Wn: n ∈ N) be a sequence of open covers of (K(X),F+). One can suppose that all elements of all covers
Wn are basic sets, i.e. that for each n ∈ N
Wn =
{(
Kcn,α
)+
: α ∈Λn
}
.
For each n, let Un =
{
Kcn,α: α ∈ Λn
}
. Then all the sets Un are k-covers of X. Indeed, if C is a compact subset of X,
then C belongs to some element (Kcn,α)+ from Wn and so C ⊂ Kcn,α . Apply the assumption to X and the sequence
(Un: n ∈ N) of k-covers of X and choose a sequence (Un: n ∈ N) such that for each n, Un ∈ Un and {Un: n ∈ N} is
a k-cover of X. If Un = Kcn,αn , n ∈ N, then {U+n : n ∈ N} is an open cover of (K(X),F+). 
Recall that S1(O,O) property is known as the Rothberger property (see [33,35,20]).
It is easy to prove that the following theorem is also true.
Theorem 8. If a space X satisfies the selection principle Sfin(K,K), then the space (K(X),F+) satisfies Sfin(O,O).
Note that (2X,F+) satisfies the selection principle Sfin(O,O) for any space X, because (2X,F+) is always compact
(see [14]).
Sfin(O,O) property is called the Menger property (see [29,18,19,35,20]).
Lemma 9. Let X and Y be spaces with Y compact and let U be a k-cover of X × Y . There exists a k-cover V of X
such that {V × Y : V ∈ V} refines U .
Proof. Use the Wallace theorem (if X and Y are spaces, A ⊂ X and B ⊂ Y are compact and W ⊂ X × Y is a
neighborhood of A×B , then there are open sets U ⊂ X and V ⊂ Y such that A×B ⊂ U × V ⊂ W ) [13]. 
Theorem 10. The product X × Y of a space X satisfying S1(K,K) and a hemicompact space Y belongs to the class
S1(K,K).
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subset of Y is contained in some Km. Let (Un: n ∈ N) be a sequence of k-covers of X × Y . By Lemma 9 for each
n ∈ N, there is a k-cover Vn of X such that {V × Kn: V ∈ Vn} refines Un. Since X satisfies S1(K,K), select for
each n an element Vn ∈ Vn such that {Vn: n ∈ N} is a k-cover of X. Choose for each n ∈ N some Un ∈ Un such that
Vn ×Kn ⊂ Un. We claim that the sequence (Un: n ∈ N) is a k-cover of X × Y . Let C be a compact subset of X × Y .
Then p2(C), the projection of C into Y , is a subset of Kn for all n greater than some n0. The compact set p1(C) (the
projection of C into X) is contained in an element Vm with m  n0, because each compact subset of X belongs to
infinitely many members of a k-cover. Thus C is contained in the corresponding Um. 
Let us mention that a hemicompact space is a preserving factor also for the class Sfin(K,K), and also for the classes
S1(K,B) and Sfin(K,B), for B ∈ {Γ,Γk,Ω}.
Problem 11. Does a Fréchet–Urysohn (sequential, k-space) space belong to the class S1(K,K) (Sfin(K,K)) if and
only if it is hemicompact?
3. S1(K,Γ )
The class S1(K,Γ ) was first considered in [9] (under the name k–γ -sets) where a game theoretical characterization
was offered, while in [6] a Ramsey theoretical description was given.
Let us observe that S1(K,Γ ) implies the Hurewicz property Ufin(Γ,Γ ): For each sequence (Un: n ∈ N) of γ -covers
of X there is a sequence (Vn: n ∈ N) of finite sets such that for each n, Vn ⊂ Un, and either for some n we have
X =⋃Vn, or {⋃Vn: n ∈ N} is a γ -cover of X [18,19]. It is known [20] that each σ -compact space has the Hurewicz
property. But, we have a stronger result.
Theorem 12. Each σ -compact space X satisfies S1(K,Γ ).
Proof. Let (Cn: n ∈ N) be an increasing sequence of compact subsets of X such that X =⋃n∈NCn. Let (Un: n ∈ N)
be a sequence of k-covers of X. For each n pick an element Un ∈ Un such that Cn ⊂ Un. We claim that {Un: n ∈ N}
is a γ -cover of X. Let F ∈ F(X). Then there exists n0 ∈ N such that F ⊂ Cn0 and thus F ⊂ Cn for all n n0. Since
Cn ⊂ Un, we have F ⊂ Un for all n n0. 
The following theorem is similar to Theorem 10.
Theorem 13. The product X × Y of a space X satisfying S1(K,Γ ) and a σ -compact space Y belongs to the class
S1(K,Γ ).
Proof. Let Y =⋃n∈NKn, where for each n, Kn is a compact subset of X and Kn ⊂ Kn+1, and let (Un: n ∈ N) be a
sequence of k-covers of X × Y . By Lemma 9 for each n ∈ N, there is a k-cover Vn of X such that {V ×Kn: V ∈ Vn}
refines Un. Since X satisfies S1(K,Γ ), select for each n an element Vn ∈ Vn such that {Vn: n ∈ N} is a γ -cover of X.
Choose for each n ∈ N, a Un ∈ Un with Vn ×Kn ⊂ Un. We claim that the sequence (Un: n ∈ N) is a γ -cover of X×Y .
Let (x, y) be a point in X×Y . Then there is n1 such that y belongs to Kn for all n n1. On the other hand, x belongs
to Vn for all but finitely many n, say for all n n2. Then for each nmax{n1, n2} we have (x, y) ∈Un. 
In [9], it was asked if the S1(K,Γ ) property is equivalent to the statement that every k-cover of X contains a
countable subset which is a γ -cover (compare with the γ -set property in [16]). The next theorem shows that the
answer is positive.
Theorem 14. For a space X the following are equivalent:
(1) X satisfies S1(K,Γ );
(2) Each k-cover of X contains a sequence which is a γ -cover of X.
3284 A. Caserta et al. / Topology and its Applications 153 (2006) 3277–3293Proof. Similarly to the proof of Theorem 18. 
The following theorem gives a characterization of k–γ -sets by a property of function spaces.
Theorem 15. For a Tychonoff space X the following are equivalent:
(1) X satisfies S1(K,Γ );
(2) C(X) satisfies S1(Ωk0 ,Σp0 ).
Proof. (1) ⇒ (2): Let (An: n ∈ N) be a sequence of subsets of C(X) whose closures in the compact-open topology
contains the constantly zero function 0. Let n ∈ N be fixed. Then for each m ∈ N and each compact set K ⊂ X the
neighborhood W = W(0,K, 1
m
) of 0 intersects An. So, there exists a function f nK,m ∈ An such that |f nK,m(x)| < 1m
for all x ∈ K . Since f nK,m is a continuous function, for each x ∈ K there is a neighborhood Ox of x such that UK,m =⋃
x∈K Ox ⊃ K and f nK,m(UK,m)⊂ (− 1m, 1m). For each n ∈ N, the set Un = {UK,m: K ∈ K(X) and m ∈ N} is a k-cover
of X. Apply the fact that X satisfies S1(K,Γ ) to the sequence (Un: n ∈ N) and for each n select UK(n),m(n) ∈ Un such
that {UK(n),m(n): n ∈ N} is a γ -cover of X. Look at the corresponding function f nK(n),m(n) in An. We claim that the
sequence (f nK(n),m(n): n ∈ N) pointwise converges to 0. Let W = W(0,F, ε) be a basic neighborhood of 0 in Cp(X)
and let n0 be a positive integer such that 1m(n0) < ε. Since F ⊂ X is finite and {Uk(n),m(n): n ∈ N} is a γ -cover of X,
there is j ∈ N such that for all i > j , F ⊂ UK(i),m(i). So, for all n > max{n0, j} we have
f nK(n),m(n)(F ) ⊂ f nK(n),m(n)(UK(n),m(n)) ⊂ (−ε, ε),
i.e. (2) holds.
(2) ⇒ (1): Let (Un: n ∈ N) be a sequence of k-covers of X. For a fixed n ∈ N and a compact subset K of X, let
Un,K = {U : U ∈ Un and K ⊂ U}.
For each U ∈ Un,K , let f nK,U be a continuous function from X to [0,1], such that f nK,U (K) = {0} and f nK,U (X \U)={1}. Let for each n ∈ N,
An =
{
f nK,U : K ∈ K(X) and U ∈ Un,K
}
.
Evidently, for each n, 0 is in the closure of An with respect to the compact-open topology on C(X). Since C(X)
satisfies S1(Ωκ0 ,Σ
p
0 ), for each n we can choose some f nK(n),U(n) ∈ An such that the sequence (f nK(n),U(n): n ∈ N)
pointwise converges to 0. Consider the corresponding sets U(n) ∈ Un, n ∈ N. We claim that the set {U(n): n ∈ N} is
a γ -cover of X.
Indeed, let F ⊂ X be finite. Look at the set W = W(0,F,1) which is a basic neighborhood of 0 in Cp(X). There
exists n0 ∈ N such that for all n > n0, f nK(n),U(n) ∈ W , i.e. F ⊂ U(n) for every n > n0. 
Observe that it is easy to prove that Theorem 14 implies: each of conditions (1) and (2) in the previous theorem is
equivalent to the assertion
(3) For any A ∈Ωk0 there is a countable B ⊂ A such that B ∈ Σp0 .
The following two theorems show properties of particular subsets of a k–γ -set.
Theorem 16. Let X ⊂ [0,1]. If A ⊂ X is such that Y = (X \A)∪ (A+ 1) is a k–γ -set, then A is Gδ and Fσ in X.
Proof. For each compact subset K of Y , there are sets CK and DK open in [0,1] such that CK ∩ DK = ∅ and
K ⊂ CK ∪ (DK + 1). Since Y is a k–γ -set, its k-cover {CK ∪ (DK + 1): K ⊂ Y compact} admits a sequence (CKn ∪
(DKn + 1): n ∈ N) which is a γ -cover of Y . Because CKn ∩DKn = ∅, it follows that
X \A =
⋃
n∈N
⋂
m>n
CKn and A =
⋃
n∈N
⋂
m>n
DKn
are Gδ and Fσ -subsets of X. 
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Proof. Let Y =⋃n∈NFn, where each Fn is closed in X and Fn ⊂ Fn+1 for each n ∈ N. Let (xn: n ∈ N) be a sequence
of distinct points in Y without cluster points. Let U be a k-cover of Y . We show that U contains a sequence which is
a γ -cover of Y . Put
V = {(U \ {xn})∪ Fcn : U ∈ U, n ∈ N}.
Claim. V is a k-cover of X.
We consider two cases:
(i) K ∩ Y = ∅. Then evidently each (U \ {xn})∪ Fcn ∈ V contains K .
(ii) K ∩ Y = ∅. Only finitely many xn belong to K . Let n1 = max{n ∈ N: xn ∈ K} and Kn1+1 = K ∩Fn1+1. Since U
is a k-cover of Y , there exists a U ∈ U such that Kn1+1 ⊂ U . Let V ∗ = (U \ {xn1+1})∪ Fcn1+1. Then K ⊂ V ∗.
Apply Theorem 14 to V and select a sequence
V∗ := {(Unp \ {xnp })∪ Fcnp : p ∈ N}⊂ V
such that V∗ is a γ -cover of X. We claim that for each m ∈ N there is a p0 ∈ N such that for p  p0 we have np >m.
Assume not and let m ∈ N be such that np  m for every p ∈ N. By passing to a subsequence if necessary we
may assume that for each p ∈ N, np = m. Therefore, (Unp \ {xnp }) ∪ Fcnp = (Um \ {xm}) ∪ Fcm for each p ∈ N,
a contradiction. (Otherwise, the point xm /∈ (Unp \ {xnp })∪ Fcnp for infinitely many n ∈ N.)
So, we conclude {Unp : p ∈ N} ⊂ U .
Finally, we prove that {Unp : p ∈ N} is a γ -cover of Y .
Suppose that it is not true. Pick a point y ∈ Y such that y /∈ Unp for infinitely many np . Let (npr : r ∈ N) be an
increasing subsequence of (np: p ∈ N) such that y /∈ Unpr for each r . As Y =
⋃
n∈NFn, there is n0 ∈ N such that
y ∈ Fn0 . Take q ∈ N such that npq > n0. Then y /∈ (Unpr \ {xnpr })∪ Fnpr for all r > q which contradicts the fact thatV∗ is a γ -cover of X. 
In [9] it was shown that the class S1(K,Γ ), like the class S1(Ω,Γ ) of γ -sets, is closed for finite powers. However,
in [37], Todorcˇevic´ constructed two γ -sets B0 and B1 such that neither B0 ∪ B1 nor B0 × B1 are γ -sets. It is natural
to ask a similar questions for k–γ -sets.
Observe that each γ -set is a k–γ -set, so that Todorcˇevic´’s spaces B0 and B1 are k–γ -sets. On the other hand, each
k–γ -set is ω-Lindelöf (this follows, for example, from the fact that the class S1(K,Γ ) is closed for finite powers
and the evident fact that S1(K,Γ ) implies Lindelöfness). But, Todorcˇevic´ proved that the square of B0 ∪ B1 is not
Lindelöf, i.e. the space B0 ∪B1 is not ω-Lindelöf. So, this space cannot be a k–γ -set. The product B0 ×B1 is also not
a k–γ -set.
4. S1(K,Γk)
This class was already studied in the literature in different directions: in connection with function spaces in [28]
(where sets from this class were called k-compact; it was also actually shown that for a Tychonoff space X the space
Ck(X) is Fréchet–Urysohn if and only if X ∈ S1(K,Γk)) and [27] (the space Ck(X) is strongly Fréchet–Urysohn if
and only if X ∈ S1(K,Γk)), in connection with hyperspace topologies in [24] (where the name γ ′k-sets was used, a
game theoretical characterization was given and shown that each open subset Y of a space X is in S1(K,Γk) if and
only if (2X,F+) is strongly Fréchet–Urysonh). (A space Z is strongly Fréchet–Urysonh if for each z ∈ Z it satisfies
S1(Ωz,Σz).) In [6] a Ramsey theoretical characterization of this class was given.
Notice that each hemicompact space belongs to the class S1(K,Γk), and the converse holds for first countable
spaces [28]. The Sorgenfrey line and the space Q of rational numbers are not in this class. From Theorem 12 it
follows that Q belongs to the class S1(K,Γ ), so that the classes S1(K,Γ ) and S1(K,Γk) are different.
Answering a question from [24] we have the following result (compare with Theorem 14).
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(1) X satisfies S1(K,Γk);
(2) Each k-cover of X contains a sequence which is a γk-cover of X.
Proof. (2) ⇒ (1): Observe first that each space satisfying (2) is k-Lindelöf, hence Lindelöf. Let {Un: n ∈ N} be a
sequence of k-covers of X. Without loss of generality we can assume that for each n ∈ N, Un+1 is a refinement of Un.
Since X is not compact, there exists a sequence (xn: n ∈ N) of distinct points of X without a cluster point. For each
n ∈ N, set
Vn =
{
U \ {xn}: U ∈ Un
}
and V =
⋃
{Vn: n ∈ N}.
We claim that V is a k-cover of X. Indeed, let K ∈ K(X). Since {xn: n ∈ N}  K (otherwise {xn: n ∈ N} would have
a cluster point), there exists xn0 /∈ K . Set K ′ = K ∪ {xn0}. As Un0 is a k-cover of X, there exists U ∈ Un0 such that
K
′ ⊂ U . Hence K ⊂ U \ {xn0} ∈ V . By (2), there exists a sequence {Vm: m ∈ N} ⊂ V which is a γk-cover of X. For
each n ∈ N there exist nm ∈ N and a set Un ∈ Unm with Vm ⊂ Unm . For each m ∈ N, set Km = {x1, . . . , xm}. Let Vm1
be an element in {Vm: m ∈ N} such that K1 ⊂ Vm1 ; note that m1 > 1. For each s > 1 pick Vms ∈ {Vm: m ∈ N} such
that Ks ⊂ Vms , ms > ms−1 and ms > s. Observe that such a choice can be done for each s ∈ N because the family
{Vm: m ∈ N} is a γκ -cover of X. Since Un+1 is a refinement of Un, for each i ∈ N with nms < i  nms+1 pick Ui ∈ Ui
such that Ui ⊂ Uj for i > j . Put nm0 = 0. Define for each n ∈ N,
Hn =
{
Unms : n= nms ,
Un: nms < n < nms+1 .
We claim that the sequence {Hn: n ∈ N} is a selector for the sequence {Un: n ∈ N} which witnesses that X satisfies
S1(K,Γk). Indeed, let K ⊂ X be compact. Then there exists p ∈ N such that for every m>p, K ⊂ Vm. According to
the previous construction of the sets Hn, for all n > np we have K ⊂ Hn. 
Spaces satisfying the condition (2) in the above theorem were called γk-sets in [24].
As the referee of this paper noticed in the previous theorem (and in Theorem 14) the second coordinate cannot
be replaced with Ω . A counterexample is the space P of irrational numbers. Each k-cover of P contains a sequence
which is an ω-cover of P (because any second countable space satisfies this condition), but P does not satisfy S1(K,Ω)
(because any space from S1(K,Ω) satisfies the Menger covering property Sfin(O,O), and P does not belong to the
class Sfin(O,O)).
Theorem 19. For a space X the following statements are equivalent:
(1) For each sequence (Dn: n ∈ N) of dense subsets of (2X,F+) there is a sequence (Dn: n ∈ N) such that for each n,
Dn ∈Dn and {Dn: n ∈ N} is sequentially dense;
(2) X satisfies S1(K,Γk).
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of k-covers of X. Then for each n, Dn := Ucn is a dense subset of
(2X,F+) (Lemma 3). Choose a sequence (Dn: n ∈ N) such that for each n ∈ N, Dn ∈Dn and the set {Dn: n ∈ N} is
sequentially dense in (2X,F+). It is easy to check that {Dcn : n ∈ N} is a γk-cover of X as required in (2).
(2) ⇒ (1): Let (Dn: n ∈ N) be a sequence of dense subsets of (2X,F+) and let for each n, Un :=Dcn. Then all Un’s
are k-covers of X (Lemma 3). Apply (2) to (Un: n ∈ N) and find a sequence (Un: n ∈ N) such that for each n, Un ∈ Un
and {U1,U2, . . .} is a γk-cover for X. Consider for each n, Dn = Ucn . Let us show that {D1,D2, . . .} is a sequentially
dense subset of (2X,F+). Let E ∈ 2X and let (Kc)+ be a basic F+-neighborhood of E. There is n0 such that K ⊂ Un
for each n > n0. It is easy to conclude that there exists a sequence in {Dn: n ∈ N} which F+-converges to E. 
Observe that the class S1(K,Γk) is preserved by perfect irreducible mappings (compare with [9] for S1(K,Γ )).
We end this section with three questions.
Problem 20. Is the product of two γk-sets a γk-set?
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Problem 22. Is a Fréchet–Urysohn (sequential, k-space) space a γk-set if and only if it is hemicompact?
5. S1(Γk,K)
We begin with a description of this class by properties of hyperspaces endowed with the upper Fell topology.
Theorem 23. For a space X the following are equivalent:
(1) For each E ∈ 2X , (2X,F+) satisfies S1(ΣE,ΩE);
(2) Each open set Y ⊂ X is an S1(Γk,K)-set.
Proof. (1) ⇒ (2): Let Y be an open subset of X and let (Un: n ∈ N) be a sequence of γk-covers of Y . Then for each n,
An := Ucn is a sequence of subsets of 2X and An ∈ ΣYc (see Lemma 2). As (2X,F+) satisfies (1), for each n choose
an element An ∈An such that the set {An: n ∈ N} ∈ ΩYc . For each n ∈ N put Un = Acn. By Lemma 1 {Un: n ∈ N} is
a k-cover of Y .
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subset of 2X contained in ΣE for some E ∈ 2X . Then, from Lemma 4,
it follows that for each n ∈ N, Un := {Ac ∩ Ec: A ∈An} is a γk-cover of the set Ec open in X. By assumption (2)
there are sets Un = Acn ∩Ec ∈ Un, An ∈An, n ∈ N, such that {Un: n ∈ N} is a k-cover of Ec. Lemma 4 is used now
to conclude that the sequence (An: n ∈ N) belongs to ΩE and witnesses for (An: n ∈ N) that (1) holds. 
Observe, that in the previous theorem (1) ⇒ (2) holds if we replace the F+-topology on 2X with the F-topology.
Now we define a new kind of convergence which we use to give its relation with S1(Γk,K)-sets.
Definition 24. Let X be a Tychonoff space, K a compact subset of X and U a proper open subset of X which
contains K . A continuous function f :X → [0,1] such that f (K) = 0 and f (X \ U) = 1 is said to be an (K,U)-
separating function. If F is a collection of compact subsets of X and U a proper open subset of X containing each
K ∈F , then the set of all (K,U)-separating functions, K ∈F , is called an (F ,U)-separating family of functions.
Consider D(X) := {(K,f ): K ∈ K(X), K ⊂ f←(0)} ordered in the following way:
for (K1, f1), (K2, f2) ∈D(X), (K1, f1) < (K2, f2) ⇐⇒ K1 ⊂ K2.
D(X) with this order is a directed set and the mapping (K,f ) → f determines a structure of a D(X)-net on the set
{f ∈ C(X): f←(0) = ∅}. Let
D(X,U) = {(K,f ) ∈D(X): K ∈ K(U), f is a (K,U)-separating function}.
By σU we denote a (K(U),U)-separating family of functions considered as a D(X,U)-net.
In the next definition we suppose that the involved sets Λn, n ∈ N, are all subsets of a directed set Λ and have a
common residual part.
Definition 25. Let X be a Tychonoff space, C(X) the set of all continuous real-valued functions on X with a topol-
ogy τ . Let {γn: n ∈ N} be a sequence of nets in C(X), where for each n, γn = {f nλ }λ∈Λn . We say that {γn: n ∈ N}
equi-τ -converges (briefly, e–τ -converges) to a function f ∈ C(X) if for each τ -neighborhood W of f there exists
n ∈ N and a λ0 ∈ Λn such that for all n > n, λ0 ∈Λn and for all λ ∈Λn with λ λ0, we have f nλ ∈ W .
When τ is the pointwise (respectively compact-open) topology we use the term e–p-convergence (respectively
e–k-convergence) instead of e–τ -convergence.
Lemma 26. Let X be a Tychonoff space, U = {Un: n ∈ N} an open cover of X such that X /∈ U . Then the following
are equivalent:
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(2) The sequence {σUn : n ∈ N} e–k-converges to the function 0.
Proof. (1) ⇒ (2): Let W(0,K, ε) be a basic neighborhood of 0 ∈ Ck(X). Since U is a γk-cover of X, there exists
n0 ∈ N such that for all n n0, K ⊂ Un. Hence K ∈ K(Un) for all n n0. Now fix n n0, and note that if C ∈ K(Un)
and K ⊂ C, then the corresponding (C,Un)-separating function f nC ∈ σUn satisfies f nC(K) = 0 and (2) holds.
(2) ⇒ (1): Assume that U is not a γk-cover of X. There exists a compact set K0 ⊂ X and an increasing sequence
of integers {nm: m ∈ N} such that K0  Unm for all m. Therefore each set C in K(Unm), m ∈ N, does not contain K0,
and so for each m ∈ N there is a point xnm ∈ K0 outside of Unm . That means that for all C ∈ K(Unm) and for all m ∈ N
the (C,Unm)-separating function f
nm
C satisfies f
nm
C (xnm) = 1. Hence the neighborhood W(0,K0,1) of K0 misses all
σUnm , m ∈ N. 
Definition 27. For a Tychonoff space X let Σe−k0 denote the union of all the sets {σU ,U ∈ U}, where U is a countable
open cover of X such that {σU : U ∈ U} is e–k-convergent to 0.
Theorem 28. Let X be a Tychonoff space. If S1(Σe−k0 ,Ωk0 ) holds, then X satisfies S1(Γk,K).
Proof. Let {Un: n ∈ N} be a sequence of γk-covers of X. Since each infinite subfamily of a γk-cover is a γk-cover, one
may assume that each Un is countable. Enumerate each Un as Un = {Un,m: m ∈ N}. By Lemma 26 we have that for
all n,m ∈ N, σUn,m ∈ Σe−k0 . Take a sequence (σUn,mn : n ∈ N} of elements of Σe−k0 . Apply the fact that Ck(X) satisfies
S1(Σe−k0 ,Ω0) to this sequence and select for each n ∈ N a function f nKmn ∈ σUn,mn such that 0 ∈ {f nKmn : n ∈ N}. For
each n consider the corresponding set Un,mn in Un. We claim that the set {Un,mn : n ∈ N} is a k-cover of X. Let C ⊂ X
be compact. Since 0 belongs to the closure of the set {f nKmn : n ∈ N}, there is a function f
p
Kmp
in W(0,C,1). It follows
C ⊂ Up,mp . 
A similar proof shows that the following holds.
Theorem 29. Let X be a Tychonoff space. If S1(Σe−k0 ,Ωp0 ) holds, then X satisfies S1(Γk,Ω).
Problem 30. Does a first countable (separable metrizable) space belong to the class S1(Γk,K) if and only if it is
hemicompact?
6. Other classes
Theorem 31. For a space X the following are equivalent:
(1) For each S ∈ 2X , 2X satisfies S1(ΣF+S ,ΩZ
+
S );
(2) Each open subset of X satisfies S1(Γk,Ω).
Proof. (1) ⇒ (2): Let Y be an open subset of X and (Un: n ∈ N) a sequence of γk-covers of Y . We can assume that
each Un is countable, say Un = {Un,m: m ∈ N}. Set σn := (Ucn,m: Un,m ∈ Un). From Lemma 2 it follows that for each
n, σn converges to Y c . Applying (2) to the sequence (σn: n ∈ N) we select a sequence (Ucn,m(n): n ∈ N) such that for
each n, Ucn,m(n) ∈ σn and {Ucn,m(n): n ∈ N} ∈ ΩZ
+
Y c . Then, by Lemma 1, {Un,m(n): n ∈ N} is an ω-cover of Y .
(2) ⇒ (1): Let (σn: n ∈ N) be a sequence of elements of ΣF+S . For each n ∈ N, set σn = (An,m: m ∈ N). Let Un :={Acn,m ∩Sc: m ∈ N}. Then for each n, by Lemma 4, Un is a γk-cover of Sc. Apply (1) to the sequence (Un: n ∈ N) and
select for each n, Acn,m(n)∩Sc ∈ Un such that {Acn,m(n)∩Sc: n ∈ N} is an ω-cover of Sc. By Lemma 4 {An,m(n): n ∈ N}
belongs to the set ΩZ+S . 
The following two statements are shown in a similar way.
Theorem 32. For a space X the following are equivalent:
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(2) Each open set Y ⊂ X is an S1(Γk,Γk)-set.
Theorem 33. For a space X the following are equivalent:
(1) For each E ∈ 2X , 2X satisfies S1(ΣF+E ,ΣZ
+
E );
(2) Each open set Y ⊂ X is an S1(Γk,Γ )-set.
Note 1. The implication (1) ⇒ (2) in each of Theorems 31, 32, 33 remains true if one replaces F+ with F and Z+
with Z.
Lemma 34. For a space X, E ∈ 2X and a subset A of 2X the following are equivalent:
(1) A ∈ (ΩF+E )gp;
(2) {(A∪E)c: A ∈A} is a k-groupable cover of Ec.
Proof. (1) ⇒ (2): Let A = ⋃n∈NBn be a partition of A into finite pairwise disjoint sets such that each F+-
neighborhood of E meets Bn for all but finitely many n. According to Lemma 4, U := {Ac ∩Ec: A ∈A} is a k-cover
of Ec. We show the k-groupability of U . First, write U =⋃n∈N Vn, where for each n, Vn = {Bc ∩ Ec: B ∈ Bn}. Let
K be a compact subset of Ec. Then (Kc)+ is an F+-neighborhood of E and thus there is n0 ∈ N such that for each
n > n0 there exists a Bn ∈ Bn with Bn ∈ (Kc)+. So, for each n > n0 we have K ⊂ Bcn, which together with K ⊂ Ec
gives K ⊂ Bcn ∩Ec.
(2) ⇒ (1): Let U := {(A ∪ E)c: A ∈ A} be a groupable k-cover of Ec and let U =⋃n∈N Un be a partition of
U which witnesses that fact. By Lemma 1, Uc ∈ ΩF+E . We show that A ∈ (ΩF
+
E )
gp
. For each n ∈ N put Bn = {A ∈
A: (A ∪ E)c ∈ Un}. Let W = (Kc)+ be an F+-basic neighborhood of E. Then K is a compact subset of Ec, hence
there is n0 such that K is contained in a member Un = Acn ∩ Ec of Un for all n > n0. Clearly, An ∈ Bn and from
K ⊂ Acn it follows An ∈ (Kc)+. Therefore, W ∩Bn = ∅ for each n > n0. 
We have also the following result.
Lemma 35. For a space X, E ∈X and a subset A of 2X the following are equivalent:
(1) A ∈ (ΩZ+E )gp;
(2) {(A∪E)c: A ∈A} is an ω-groupable cover of Ec.
Theorem 36. For a space X the following are equivalent:
(1) For each E ∈ 2X , 2X satisfies S1((ΩF+E )gp, (ΩZ
+
E )
gp);
(2) Each open set Y ⊂ X is an S1(Kgp,Ωgp)-set.
Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of groupable k-covers of Y and let for each n, An := Ucn . By
Lemma 34,An ∈ (ΩF+Y c )gp for each n ∈ N. Apply (1) and select a sequence (An: n ∈ N) such that for each n, An ∈An
and B := {A1,A2, . . .} ∈ (ΩZ+Y c )gp. It follows, by Lemma 35, that Bc is an ω-groupable cover of Y .
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of elements of (ΩF+E )gp. If for each n we put Un := {(A ∪ E)c: A ∈
An}, by Lemma 34 we get a sequence (Un: n ∈ N) of k-groupable covers of Ec. As (2) holds, choose for each n a
Un = (An ∪ E)c ∈ Un such that (Un: n ∈ N) is an ω-groupable cover of Ec. Then Lemma 35 gives A := {An: n ∈
N} ∈ (ΩZ+E )gp. 
Call a countable element D from D groupable if there is a partition D =⋃n∈NDn into finite sets such that each
open set of the space intersects Dn for all but finitely many n [10].
Let Dgp denote the family of groupable elements of D.
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Lemma 37. For a space X and a subset A of 2X the following are equivalent:
(1) A is a groupable dense set of (2X,F+);
(2) Ac is a groupable k-cover of X.
Proof. (1) ⇒ (2): Assume that A is a groupable dense set in (2X,F+); let A =⋃n∈NBn be a partition into finite
pairwise disjoint sets such that each open set of (2X,F+) intersects Bn for all but finitely many n. According to
Lemma 3, Ac is a k-cover of X. To show the groupability of Ac , let K be a compact subset of X. Then (Kc)+ is
an F+-open set. Then there is n0 ∈ N such that for each n > n0 there exists Bn ∈ Bn with Bn ∈ (Kc)+ and so for all
n > n0 we have K ⊂ Bcn.
(2) ⇒ (1): Let Ac be a groupable k-cover of X and let Ac =⋃n∈N Un be a partition of Ac witnessing that fact. By
Lemma 3, A is a dense subset of (2X,F+). We claim that A is groupable. Let W = (Kc)+ be an F+-basic set. Then
K is a compact subset of X, hence there exists a positive integer n0 such that K is contained in a member Un of Un
for all n > n0. So, for every n > n0, Ucn ∈ (Kc)+. 
Lemma 38. For a space X and a subset A of 2X the following are equivalent:
(1) A is a groupable dense set of (2X,Z+);
(2) Ac is a groupable ω-cover of X.
Theorem 39. For a space X the following are equivalent:
(1) X satisfies S1(K,Ωgp);
(2) 2X satisfies S1(DF+ ,DgpZ+).
Proof. (1) ⇒ (2): Let (Dn: n ∈ N) be a sequence of dense subsets of (2X,F+). For each n, put Un :=Dcn. Then Un
is an open k-cover of X. By (1), applied to the sequence (Un: n ∈ N), one can find a sequence (Dcn: n ∈ N) such
that for each n ∈ N, Dcn ∈ Un and {Dc1,Dc2, . . .} is a groupable ω-cover for X. By Lemma 38 the set {D1,D2, . . .} is
a groupable dense subset of (2X,Z+), i.e. the sequence (Dn: n ∈ N) is a selector for (Dn: n ∈ N) showing that (2)
holds.
(2) ⇒ (1): Let (Un: n ∈ N) be a sequence of k-covers of X. For each n, An := Ucn is a dense subset of (2X,F+)
(Lemma 37). Applying (2) one obtains a sequence (An: n ∈ N) such that for each n, An ∈An and B := {A1,A2, . . .} ∈
DgpZ+ . By Lemma 38 Bc is a groupable ω-cover of X. So, the sequence (Acn: n ∈ N) guarantees for (Un: n ∈ N) that X
satisfies S1(K,Ωgp). 
7. k-covers and metric spaces
In [29] Menger defined the following property for metric spaces: a metric space (X,d) has the Menger basis
property if for each base B of (X,d) there is a sequence (Un: n ∈ N) in B such that limn→∞ diamd(Un) = 0 and
{Un: n ∈ N} is a cover of X. In [18] Hurewicz showed that the Menger basis property is equivalent to the Menger
covering property Sfin(O,O).
In [2] and [3], basis properties related to other classical selection principles were discussed.
We show now that a covering property involving k-covers can be characterized by a basis property, too.
The symbol Ufin(Λ,Ok-wgp) denotes the statement:
For each sequence (Un: n ∈ N) of large covers of X there is a sequence (Vn: n ∈ N) of finite sets such that for
each n, Vn ⊂ Un, and either for some n we have X =⋃Vn, or {⋃Vn: n ∈ N} is an k-weakly groupable cover of X.
Definition 40. A metric space (X,d) has the K-basis property if for each base B of X there is a sequence (Un: n ∈ N)
in B such that {Un: n ∈ N} is a k-weakly groupable cover of X and limn→∞ diamd(Un) = 0.
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(1) X satisfies Sfin(Λ,Ok-wgp);
(2) X satisfies Ufin(Λ,Ok-wgp);
(3) X has the K-basis property.
Proof. It is easy to prove that (1) and (2) are equivalent, so that we prove that (1) ⇔ (3).
(1) ⇒ (3): Let B be a base of X and let Un = {U ∈ B: diamd(U) < 1n+1 }. Each Un is a large open cover of X.
Indeed, if we suppose that there is a point x ∈ X such that the set Un,x = {U ∈ Un: x ∈ U} is finite, then ⋂Un,x is
a basic set containing x and diamd(
⋂Un,x) < 1/(n + 1). This implies ⋂Un,x ∈ Un and so Un is a large cover of X.
Since X satisfies Sfin(Λ,Ok-wgp) there is a sequence (Vn: n ∈ N) of finite sets such that for each n Vn ⊂ Un and⋃
n∈N Vn is a k-weakly groupable cover of X. If
⋃
n∈N Vn = {Un: n ∈ N}, then by construction of the sets Un we have
limn→∞ diamd(Un) = 0.
(3) ⇒ (1): Let (Un: n ∈ N) be a sequence of large open covers of X. We may suppose, without loss of generality,
that each Un is hereditary, i.e. whenever an open set V is a subset of some element of Un, then V belongs to Un. For
each n ∈ N, define
Gn =
{
U1 ∩ · · · ∩Un: Ui ∈ Ui , i  n
} \ {∅}.
Then each Gn is a hereditary large cover of X. Let
B = {U ∪ V : (∃n) (U,V ∈ Gn and diamd(U ∪ V ) > 1/n)}.
We claim that B is a basis for X. Let W be an open subset of X and x ∈ W . Since x is not isolated in X, one can
choose a point y ∈ W \ {x} and n > 1 with d(x, y) > 1/n. Take also U,V ∈ Gn with x ∈ U , y ∈ V and U ∪ V ⊂ W .
This means x ∈U ∪ V ⊂ W , i.e. B is a base for X.
Since X has the K-basis property, there exist sets Wn from B such that limn→∞ diamd(Wn) = 0 and {Wn: n ∈ N}
is a k-weakly groupable cover for X. For each n, Wn is of the form Wn = Un ∪ Vn, where Un,Vn ∈ Gm for some
m ∈ N and diamd(Un ∪ Vn) > 1/m. Denote by mn the smallest such m. Let pn denote the maximal natural number
with diamd(Wn) < 1/pn. Observe that for each n we have pn < mn, and limn→∞ pn = ∞. This means that for each
selected mn there are only finitely many Wn for which Wn = Un ∪ Vn, where Un,Vn ∈ Umn and diamd(Un ∪ Vn) >
1/mn. Let Hmn be the set of such Un, Vn. Then Hmn is a finite subset of Gn. Further, for each element H ∈ Hmn
choose a representation of the form U1 ∩ · · · ∩Umn with Ui ∈ Ui for each i mn.
By induction choose a sequence j1 < j2 < · · · < jk < · · · of natural numbers such that for each i  js we have
mi  s and for each compact set K ⊂ X there is a s with K ⊂⋃js<ijs+1 Wi . For each i with js < i  js+1 and each
H ∈Hmi choose Us ∈ Us such that H ⊂ Us . Note that such an element Us exists; for instance, one can take Us to be
the sth component in the representation U1 ∩ · · · ∩Umn of Us . Let Cs ⊂ Us be the finite set of elements Us chosen in
this way. Then the sequence (Cn: n ∈ N) witnesses for the original sequence (Un: n ∈ N) that X satisfies (1). 
In [5] Borel defined the notion of strong measure zero sets in the following way. A metric space (X,d) is strong
measure zero if for each sequence (εn: n ∈ N) of positive real numbers there is a sequence (Un: n ∈ N) of subsets of
X such that for each n, diamd(Un) < εn and {Un: n ∈ N} is a cover of X.
In [30] it was shown that (X,d) has the Rothberger property if and only if it has strong measure zero with respect
to each metric on X which generates the topology of X. Similar investigation was done in [2] and in detail in [4] for
some other measure-like properties.
We now give a similar description for the class Ufin(Λ,Ok-wgp).
Definition 42. A metric space (X,d) is Kfin-measure zero if for each sequence (εn: n ∈ N) of positive real numbers
there is a sequence (Vn: n ∈ N) such that:
(i) For each n, Vn is a finite set of subsets of X;
(ii) For each n and each V ∈ Vn, diamd(V ) < εn;
(iii) ⋃n∈N Vn is a k-weakly groupable cover of X.
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(1) X has property Ufin(Λ,Ok-wgp);
(2) X has Kfin-measure zero with respect to every metric on X equivalent to d .
Proof. (1) ⇒ (2): Let X belong to the class Ufin(Λ,Ok-wgp), let ρ be any metric on X equivalent to d and let
(εn: n ∈ N) be a sequence of positive real numbers. For each n ∈ N define
Un =
{
U ⊂ X: U is an open set with diamρ(U) εn
}
.
Then each Un is a large cover of X. By (1) there are finite sets Vn ⊂ Un such that {⋃Vn: n ∈ N} is a k-weakly
groupable cover of X and so
⋃
n∈N Vn is also a k-weakly groupable cover of X. Hence X has Kfin-measure zero with
respect to ρ.
(2) ⇒ (1): Let ρ be a metric on X equivalent to d and let (Un: n ∈ N) be a sequence of large covers of X. Since X
is a separable zerodimensional metric space, we can find a sequence (U∗n : n ∈ N) such that for each n ∈ N:
(i) U∗n is a clopen disjoint cover of X refining Un;
(ii) U ∈ U∗n implies diamρ(U) 1n ;(iii) U∗n+1 is a refinement of U∗n .
(This can be done. First, replace the cover Un by the cover{
U : U clopen, diamρ(U) <
1
n
and there is V ∈ Un with U ⊂ V
}
.
Since X is separable we can replace this last cover by a countable subcover, and since the sets in this subcover are
clopen we can make it disjoint. Finally for (iii) take intersections.)
Now define the metric ρ∗ on X by ρ∗(x, y) = 1
n+1 , where n is the least natural number such that there exist U ∈ U∗n
with x ∈U , y /∈ U . One can check that ρ∗ is equivalent to ρ. Thus X has Kfin-measure zero with respect to ρ∗. Apply
this fact to the sequence ( 1
n+1 : n ∈ N) and find finite sets Vn such that diamρ∗(U) < 1n+1 for each U ∈ Vn, andV :=⋃n∈N Vn is a k-weakly groupable cover for X. Without loss of generality we can suppose that Vn’s witness the
k-weak groupability of V . For each n and each V ∈ Vn we have diamρ∗(V ) < 1/(n+ 1) < 1/n, so that there exists a
U(V ) ∈ U∗n with V ⊂ U(V ). Let Wn = {U(V ): V ∈ Vn}. Then for each n, Wn is a finite subset of U∗n and for each
compact set K ⊂ X there is an n such that K ⊂⋃Wn. Since for each n, U∗n refines Un, for each U(V ) ∈Wn there
is a H(V ) ∈ Un such that U(V ) ⊂ H(V ). Let Hn = {H(V ): U(V ) ∈Wn}. Then for each n, Hn is a finite subset
of Un and
⋃Vn ⊂⋃Wn ⊂⋃Hn. Therefore, the sequence (Hn: n ∈ N) witnesses for (Un: n ∈ N) that X satisfies
Ufin(Λ,Ok-wgp). 
It is natural to define a stronger measure-like property than Kfin-measure zero.
Definition 44. A metric space (X,d) is K1-measure zero if for each sequence (εn: n ∈ N) of positive real numbers
there is a sequence (Vn: n ∈ N) of subsets of X such that:
(i) For each n, diamd(V ) < εn;
(ii) {Vn: n ∈ N} is a k-weakly groupable cover of X.
With very small changes in the proof of Theorem 43 one can prove the following.
Theorem 45. Let (X,d) be a zerodimensional separable metric space. The following statements are equivalent:
(1) X has property S1(Λ,Ok-wgp);
(2) X has K1-measure zero with respect to every metric on X equivalent to d .
We end this section with the following question.
Does a separable metric space belong to the class Sfin(Λ,Ok-wgp) if and only if it is hemicompact?
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